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Last time 

Heitler-London 

Pauli + Coulomb 

Exchange interactions 
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Interactions 

• Dipole – Dipole 

• Direct exchange (H2 molecule) 

• Indirect exchange 

• Double exchange 

• Anisotropic exchange 

• Rudeman Kittel Kasuya Yoshida (RKKY) 

• Stoner (“spontaneous Pauli”) 
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Exchange interaction 

• Heisenberg Hamiltonian 

 

 

• J>0: Ferro 

• J<0: Antiferro   

 
ji

jiij SSJH
,

'2

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• Need direct wave function overlap 

– Ferromagnetic 

– Small in 4f, 5f elements 

– Can be important in 3d oxides (but see 
indirect!) 

– In 3d metals: electron delocalization 

 

 

 

 

 

• Relatively small (but remember TiOX) 

• Depends on orbital occupation and geometry 

Direct exchange 

Oxide: ferro ‘hopping’: ferro ‘hopping’: antiferro 
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Indirect exchange 

Ground state antiferro 

‘2*hopping’ 

Hopping   

 delocalization   

  energy gain 

 

Energy: 2 hops = 2t; cost=U 

   J ~ -t2/U 

Examples: High Tc’s; MnO; MnF2 

Pauli forbidden 

Ground state antiferro 

‘2*hopping’ 

Pauli forbidden 

Ground state antiferro 

‘2*hopping’ 
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Indirect exchange 

Hopping  delocalization  energy gain 

Energy: 2 hops = 2t; cost=U 

   J ~ -t2/U 

Examples: High Tc’s; MnO; MnF2;  

 telephone number compound 

Relatively strong (depends on U) 

Usually AF (F when not same 3d, e.g.d3-d5) 

Strongly dependent on angle of bonding 

 at 1800 strongly AF 

 at zero weakly F 

(goodenough kanamouri rules 

-J 

angle 
90 180 
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(Sr,La,Ca)14Cu24O41 

Eccleston et al., PRL 81, 1702 (1998) 

J1=130 meV 

J2= 70 meV 

Δ=32 meV 

J2 

J1 
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La9Ca5Cu24O41 

T = Troom 

μ
m

 

OCMP 2008 
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Double exchange 

• Mixed valency 

• Usually ferro metal 

• Relatively strong 

• La1-xSrxMnO3 (Mn3+/Mn4+) 

Fe3O4 (AB2O4, Fe2+/Fe3+) 

Mn3+ Mn4+ 

CMR in para phase close to Tcurie 
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Anisotropic exchange 

• Dzyaloshinsky-Moriya interaction 

• Mixing in of excited d-states  

• LS coupling in excited state 

• If spins inversion symm. related then 0 

• From different from Heisenberg: 

• Favors perpendicular alignment  

• Examples: α-Fe2O3, MnCO3 

• In AF’s leads to net moment  weak ferro 

ji SSD






P
v
L
 C

M
P

-I 

W
S

 1
4
/1

5
 

Multiferroics 

Mostovoy & Cheong 
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Magnetism in metals 

No field:  

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E 

EF 

Free electron gas 

• Pauli paramagnetism, Landau diamagnetism 

• Curie-like (EF~kT) 

• Spontaneous spin polarization (Stoner) 

• RKKY 
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Pauli paramagnetism 
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Stoner magnetism 
Spontaneous spin polarization 

DOS 

E 

}  δE 

  

     

 

 

  

    FF

FB

MM

F

FF

F

EUDEED

EEDUnnUnn

MdMMBdM

EEDnn

EEDnnEEDnn

EEED

M

























1
2

1
E

EEEenergy  Total

2

1
)(

2

1
)(

2

1
       

2

1
E

energy Field

)(M

2

1
      ;

2

1

 :ionMagnetizat

2

1
E   :energy kineticin Cost 

H field internal'' split thenspin  If

2

tot

pktot

22

0

2

0

0

''

0

0

'

p

BB

k















  

D.O.S.high  and Coulomb strongfor  Happens

state ground Magnetic     0E then 01 If tot  FEUD

2 2 



P
v
L
 C

M
P

-I 

W
S

 1
4
/1

5
 

Stoner criterium 

Exchange interaction 

Density of States at EF 

Product 

Stoner criterium 

In agreement with  

Fe, Ni, Co ferromagnets 
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Stoner magnetism 

• If UD(EF)<1 then still change in susceptibility 
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Conduction electrons 

4s-band 

DOS 

E
n
e

rg
y
 

3d-band 

EF 

9.46 e 

0.54 e 

EF 

5 e 

4.46 e 

0.54 e 

Net magnetization 

due to d-band:  

BB 54.0)46.45( 

Ni 3d84s2 
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Conduction electrons 

4s-band 

DOS 

E
n
e
rg

y
 

3d-band 
EF 

10 e 

1 e 

EF 

5 e 

5 e 

0.54 e 

d-DOS at EF is zero 

No net magnetization 

 

Cu 3d104s1 
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RKKY interaction 
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RKKY interaction 
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Spatially varying fields 

• RKKY interaction (Ruderman-Kittel-Kasuya-Yosida)  
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Ferromagnetic magnons 

  
i

1ii SS2U


JMagnetic energy (Heisenberg) 

In groundstate (classical S) 2
0 JNS2U 

First excited state ? 2
0 JS8UU 

No !  

share spin-flip 

with all  Magnons 


