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Previously
PHONONS

* Quantized lattice vibrations
» #modes: 3s; Optical & acoustical; Transversal & longitudinal
* Eigenmodes
* Relevant k vectors in first BZ
* Thermal occupation: Planck
* Dispersion w(k)
* ‘Momentum’ hk
* Group velocity; Sound velocity
* Measuring of phonons;
Inelastic spectroscopy
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Frequency (THz)

Phonon dispersion in copper
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I X K I L
Wave vector

Cu: FCC (1 at/cehy
Recipr. Space BCC



Today

* Phonons & physical properties (Ch.4 & 5 Kittel)

ST/¥VT SM
I-dINO 1Ad



Phonons & Physical properties

* Propagation of sound

* Optical properties (infrared)
* Lattice expansion

* Heat capacity

* Thermal conductivity



Today: Thermal properties

* Thermal expansion (classical)
* Lattice specific heat
» Density of States
» Debye model
» Einstein model
* Thermal conductivity
» Phonon scattering, mean free path
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Harmonic crystal:
No thermal expansion

r—Ja+u “a u

Harmonic
) V(u)
V(u;)=a-u;
a(T)=a+(u,) =a
J‘du.ue—V(uj)/kBT
<”1>T - jdu.e—V(uj)/kBT =0 u

No lattice expansion !!



Anharmonicity:
Thermal expansion (classical)

r=ja+u “a

Weak anharmonicity V(U
u

V(u)=a-u’—y-u’

V(u;)/kgT )
<Uj> _jdu-ue ~3/4(kBT)3/2\/E’YOL >/2
-

— jdu .e—V(uj)/kBT =~ \/@\/Ea_llz
3y
a.(T) — ao + <UJ>T — ao + 4f«‘sz-r

Lattice expansion is caused by anharmonicity !
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Specific heat

Heat capacity: C = s
oT |y

Summation over modes k and branches p:

hwk’p

U= Zuk,p ~ Z<nk,p >h®k,p B Z o p 1KgT
K,p e —1

k,p k,p

Number of modes inrange ©® > ®+dw: doD (m)

D(w): Density of states

ho
d _
> - [doDy(w) U zp:jdep(m)em,kBT_

Kk

1
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Lattice heat capacity

> - jd@ D, ()

Kk

l hw

U= Zplzkluk,p - Zp:zk:<nk,p>hwk,p - Zpljdep(w) onwkeT _q

ouU e
|:> CIattice = G—T = kB;_“dep ((D) (e): _el)z

All lattice properties in D():

Density of states. # modes per unit frequency
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Density of states in 1D

1D crystal, N atoms, length L=Na

Vibrational mode: u,(j,t) =u, e

Periodicity over L=Na: u, -€'*¥ =u, -e""V
—> e =1 kaN=2ns k:2ﬂ:S:21rS
Na L
B ke o g N2 NEE R
a a 2 2

l.e. N modes in the first BZ
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Density of states in 1D

2m/L

2mn/a

# modes/unit length = N/ (2n/a) = L/ 2w

ninterval dk:  D(K)dk = dk = = dk
2nt/a 2T
D@@dmzrk—QEdm
2n do
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Density of states (1D)

— o— 0 20— ® Dudo-- Xdo
M C 2n do

1D, 1 at./cell: w(k)= % sin(k—za) = wk)=w, [sinka/2)|

[5w(k)} 2 1 2 1
ok a w,|cos(ka/2) a . jw? —w?

-1

N

1
T J1-w?

= D(w)=2
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Density of states (1D)

— o0 0 —e
M C

I
|

(mo /2N)*D(w)

—m/a m/a

=~ O

o

0.0 0.2 0.4 0.6 0.8 1.0
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Density of states in 3D

3D crystal, N3 atoms, cube length L

Periodic boundary conditions: ' ®**s#kez) _ gilklxiblky lysb)rl (z4L)
> k,k k=52 s=_N-1 N-IN
L 2 2 2
2m\’
One value of k per volume T
V.,  4nk’/3

Total # k values in sphere with radius k: — —
° ) 2r/LY (2r)/V

dN(k) Vk? Vk? dk
Dk = — 2 = D(o) =
(k) dk 27° (©) 21° dw
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Density of states in 3D
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Density of States

D(k) D(w)
5 L o | ¢
2717 21 dw
oD A2k Azkdk
21T 2m° dw
3D Ve | e
21T 21T dw
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Back to lattice heat capacity

8U 2 A X
CIattice = @—T = kB;jdep(m) (e): _el)z

DOS in general complicated function
Simplifications:

* Debye model (take sound velocity constant)
 Einstein model (take phonon frequency constant)
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Debije model for DOS _, .,

Number of modes with |k'| < |k| for each polarization (branch):

L Vce sl
N(lkl): (2_”;3 3 K
Number of modes: N(kp) = N
. ) 1/3
(DD — kD — [6-”- Natomj
o=V-k Vcell

3
Vg 4T w
0 k Ko :>N(ou<ouD)=(2Tr;3 = (vj
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Debije model

1/3
Debije Frequency:

5 1/3
Debije Temperature: EE Moy _ V[ BT Ny
ke kgl V

Density of states: [SRUICINRY o
do 273

Total energy stored in phonons:

®p

U= Z o, _ Ieh—wD(w)dw

h(ok IkgT 1 holkgT 1

0
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Deblje specific heat

Total energy :
®p 3
U= 3\2/h3 j (D do
21°Vv° T exp(fio/k,T) -1

0

Specific heat:

do

C

lat

_4du _
dT

27%V° 3 (exp(heo [ kT) —1) kyT?
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Debije T3 law

o T X e n’
Low temperature limit: j X = —
e -1 15
0/T © 3
: .. X e’ 0
High temperature limit: [ZaEsd! j 1 z(Tj
e —

atom

kB

(Dulong-Petit, U=3N-kgT)
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Specific heat

T/0
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Specific heat AIN

O
w

O
o

Calculated values:
@y =800K

B = 1021 K

Measured values:
(Koshchenko, et. al.)
@g = 800(2) K

Specific Heat (cal g™' K™
=

1000 1500 2000
T (K)

Specific heat Aluminum Nitride (Koshchenko et al., 1985)
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Heat capacity (J/Kcm”®)

0.0

Specific heat Cu

Copper again

Density of States
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Specific heat Th,U, , Be,,

Y

Tempearature s

Heavy fermion system, 2 S.C. transitions (Z. Fisk et al., 2000)
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Einstein model

Simpler model, approximation for optical phonons

D(w)=N_..0(0—w,)

atoms

3 N atoms h e

A ho, IkgT 1

U :3Natoms<n(a)e)>h e

2 hao, [KgT
Qj :BNatomskB(hwej e—z
ot ), Ko T (eha)e/kBT _1)

Limits T—>0: C o« Xe* =0

T—>w: C,=3N Ks

atoms
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Einstein model, C,

eh(oe/kBT

1
k n/a X
o
U>
0 2
’ kT /o
D(a)) =N atomsg(a) o a)e)
6))
0 e

ha, [kgT _1)2
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