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Previously 
PHONONS 

 

• Quantized lattice vibrations 

• #modes: 3s; Optical & acoustical; Transversal & longitudinal 

• Eigenmodes 

• Relevant k vectors in first BZ 

• Thermal occupation: Planck 

• Dispersion ω(k) 

• ‘Momentum’ ħk 

• Group velocity; Sound velocity 

• Measuring of phonons;  

        inelastic spectroscopy 
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Phonon dispersion in copper 
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Today 

• Phonons & physical properties (Ch.4 & 5 Kittel) 
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Phonons & Physical properties 

• Propagation of sound 

 

• Optical properties (infrared) 

 

• Lattice expansion 

 

• Heat capacity 

 

• Thermal conductivity 
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Today: Thermal properties 

• Thermal expansion (classical) 

• Lattice specific heat 

 Density of States 

 Debye model 

 Einstein model 

• Thermal conductivity 

 Phonon scattering, mean free path 
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Harmonic crystal: 

No thermal expansion 
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No lattice expansion !! 
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Anharmonicity: 

Thermal expansion (classical) 

jj ujar  uj a 

3

j

2

jj uu)u(V 

Tk
4

3
aua)T(a B20Tj0






2/1

B

2/52/3

B
Tk/)u(V

Tk/)u(V

Tj
Tk

)Tk(4/3

edu

eudu
u

Bj

Bj























Weak anharmonicity  

Lattice expansion is caused by anharmonicity ! 
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Specific heat 

Heat capacity:  
V

v
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Summation over modes k and branches p: 
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D(): Density of states 
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Lattice heat capacity 
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All lattice properties in D(): 

  

 Density of states:  # modes per unit frequency 

  )(Dd p

k
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Density of states in 1D 

1D crystal, N atoms, length L=Na 

 

Vibrational mode:  

 

Periodicity over L=Na:  
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i.e. N modes in the first BZ 



P
v
L
 C

M
P

-I 

W
S

 1
4
/1

5
 

Density of states in 1D 
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Density of states (1D) 

sin(ka/2)ωω(k))
2

ka
sin(

m

4C
ω(k) m1D, 1 at./cell: 

M C 

a 

 
2

22

mm

1

ω1

1

π

N
2ωD

ωω

12

)2/cos(ω

12

k

ω(k)




















akaa




 d
d

dk

2

L
d)(D



P
v
L
 C

M
P

-I 

W
S

 1
4
/1

5
 

Density of states (1D) 
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Density of states in 3D 

3D crystal, N3 atoms, cube length L 

 

Periodic boundary conditions:  
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Density of states in 3D 

0

10

20

30

40

50

F
re

q
u

e
n

c
y
 (

T
H

z
)

  

 

G X K G L 
Wave vector 

0 10 20 30 40 50 60
0

2

4

6

8

10

12

14

16

D
e
n
s
it
y 

o
f 
S

ta
te

s

Frequency (THz)

COPPER 



P
v
L
 C

M
P

-I 

W
S

 1
4
/1

5
 

Density of States 
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Back to lattice heat capacity  
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DOS in general complicated function 

Simplifications: 

 

• Debye model (take sound velocity constant) 

• Einstein model (take phonon frequency constant) 
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Debije model for DOS 

|k|  
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Number of modes with |k'| < |k| for each polarization (branch): 

Number of modes: N(kD) = Natom  
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Debije model 

Total energy stored in phonons: 

Density of states: 

Debije Frequency: 

Debije Temperature: 
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Specific heat: 
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Low temperature limit:  
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High temperature limit:  
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(Dulong-Petit, U=3N·kBT) 
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Cv/NkB 
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Specific heat AlN 

Specific heat Aluminum Nitride (Koshchenko et al., 1985)  
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Specific heat Cu 
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Specific heat ThxU1-xBe13 

Heavy fermion system, 2 S.C. transitions (Z. Fisk et al., 2000)  
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Einstein model 

Simpler model, approximation for optical phonons 
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Einstein model, Cv 
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